Abstract. It is well known that in the dynamics of a piecewise strictly monotone (that is, piecewise embedding) map f on an interval, the topological entropy can be expressed in terms of the growth of the number (that is, the lap number) of strictly monotone intervals for f n . Recently, there has been an increase in the importance of fractal sets in the sciences, and many geometric and dynamical properties of fractal sets have been studied. In the present paper, we shall study topological entropy of some maps on regular curves, which are contained in the class of fractal sets. We generalize the theorem of Misiurewicz-Szlenk and Young to the cases of regular curves and dendrites.
Introduction
Recently, there has been an increase in the importance of fractal sets in the sciences and many geometric and dynamical properties of fractal sets have been studied. In the present paper, we shall study topological entropy of some maps on regular curves, which are contained in the class of fractal sets.
In [11] , Seidler proved that the topological entropy of every homeomorphism on a regular curve is zero. In [3] , Efremova and Makhrova proved that the topological entropy of every onto monotone map on a dendrite which satisfies some special condition is zero. In [5] , we investigated the topological entropy of confluent maps on regular curves. As a corollary, the topological entropy of every onto monotone map on any regular curve is zero. In [6] , we evaluated the topological entropy of general maps f on regular curves X in terms of the growth of the number of components of f −n (x) (x ∈ X). It is well known that in the dynamics of a piecewise strictly monotone (that is, piecewise embedding) map f on an interval, the topological entropy can be expressed in terms of the growth of the number (that is, the lap number) of strictly monotone intervals for f n (see Misiurewicz and Szlenk [8] and Young [13] , and also see [7, Theorem 7.1] ). In this paper, we generalize the theorem of Misiurewicz-Szlenk and Young [8, 13] to the cases of regular curves and dendrites.
All spaces considered in this paper are assumed to be separable metric spaces. Maps are continuous functions. For a space X, let Comp(X) be the set of all components of X.
H. Kato
By a compactum X we mean a compact metric space. A continuum is a non-empty connected compactum. For a set A, |A| denotes the cardinality of the set A. A map f : X → Y of compacta is an embedding map if f : X → f (X) is a homeomorphism. A map f : X → Y of compacta is monotone if for each y ∈ f (X), f −1 (y) is connected. It is well known that if f : X → Y is a monotone map, then f −1 (C) is also a continuum for any subcontinuum C of f (X).
A continuum X is a regular continuum (that is, regular curve) if for each x ∈ X and each open neighborhood V of x in X, there is an open neighborhood U of x in X such that U ⊂ V and the boundary set Bd(U ) of U is a finite set. Clearly, each regular curve is a Peano curve (that is, one-dimensional locally connected continuum). For each p ∈ X, we define the cardinal number ls X (p) of p as follows: ls X (p) ≤ α (α is a cardinal number) if and only if for any neighborhood V of p there is a neighborhood U ⊂ V of p in X such that |Comp(U − {p})| ≤ α, and ls X (p) = α if and only if ls X (p) ≤ α and the inequality ls X (p) ≤ β for β < α does not hold. We define ls(
A continuum X is a dendrite (that is, one-dimensional compact absolute retract (AR)) if X is a locally connected continuum which contains no simple closed curve. It is well known that each local dendrite (that is, one-dimensional compact absolute neighborhood retract (ANR)) is a regular curve. Note that each graph (that is, one-dimensional finite polyhedron) is a local dendrite. There are many regular curves which are not local dendrites. Many fractal sets (see [2, 4] ) are regular curves which are not local dendrites. For example, the Sierpinski triangle S is a well-known regular curve with ls S (p) ≤ 2 for each p ∈ S. The Menger universal curve and the Sierpinski carpet are not regular curves.
Let X be a regular continuum. A finite closed covering A of a regular curve X is a regular partition of X provided that if A, A ∈ A and A = A , then Int(A) = φ, A ∩ A = Bd(A) ∩ Bd(A ), and Bd(A) is a finite set. We can easily see that if X is a regular curve and > 0, then there is a regular partition A of X such that mesh A < , that is, diam A < for each A ∈ A.
Let A be a regular partition of X. Moreover, A is called a strongly regular partition if ls X (a) < ∞ for each a ∈ {Bd(A)| A ∈ A}.
Let X be a regular curve and A a regular partition of X. A map f : X → X is a piecewise embedding map with respect to A if the restriction f |A : A → X is an embedding (that is, injective) map for each A ∈ A. A map f : X → X is a piecewise monotone map with respect to A if the restriction f |A : A → f (A) is a monotone map for each A ∈ A.
Topological entropy and piecewise embedding maps on regular curves
Let f : X → X be a map of a compactum X and let K ⊂ X be a closed subset of X. We define the topological entropy h(f, K) of f with respect to K as follows (see [1, 7, 12] ). Let n be a natural number and > 0. A subset F of K is an (n, )-spanning set for f with respect to K if for each x ∈ K, there is y ∈ F such that
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A subset E of K is an (n, )-separated set for f with respect to K if for each x, y ∈ E with x = y, there is 0 ≤ j ≤ n − 1 such that
Let r n ( , K) be the smallest cardinality of all (n, )-spanning sets for f with respect to K. Also, let s n ( , K) be the maximal cardinality of all (n, )-separated sets for f with respect
Then it is well known that
It is well known that h(f ) is equal to the topological entropy which was defined by Adler et al. (see [1] 
where l(f n ) denotes the lap number of f n .
Let f : X → X be a map of a regular curve X and let A = {A 1 , A 2 , . . . , A m } be a regular partition of X. For each n ≥ 0, consider the itinerary set It(f, n; A) for f and n defined by
Hence, we see that the limit lim n→∞ (1/n) log I (f, n; A) exists (see [12, 
LEMMA 2.4. Let f : X → X be a map of a regular curve X and let C be a subcontinuum of
Proof. Let > 0 and n a natural number. Since X is a regular curve, we can choose a regular partition A of X with mesh A < . Recall that A is a finite closed cover of
is a finite set, and diam A < . Put
If F = φ, then {c} is an (n, )-spanning set for f with respect to C for any point c ∈ C. We may assume that F = φ. Note that |F | ≤ n · L . By the proof of [6, Theorem 2.1], we see that F is an (n, )-spanning set for f with respect to C. Hence, we see that
The following proposition is well known as the boundary bumping theorem in continuum theory.
First, we consider the following set:
Then we see that (f, A) is a closed subset of the Cantor set {1, 2, . . . , m} N , where
Then we show that X (f, A) is a closed subset of the compact set X × (f, A).
Then we have the following commutative diagram
− −−− → X where π 1 and π 2 are the natural projections. Since f is a piecewise embedding map with respect to A and B is a finite set, we see that π 1 is surjective.
We will show that if x ∈ X, then
Suppose that for some i 1 > i 0 and A ∈ A with A = A x i 1 ,
Then f i 1 (x) ∈ Bd(A x i 1 ) and f (C i 1 −1 ) contains a point of Int(A). Then we see that
. By continuing this procedure, we see that
Next, we show that h(σ 2 , π (A x i ) ).
We will show that
where B = {Bd(A)| A ∈ A}. Define a function
, where i and y satisfy the following condition:
Clearly, we see that u is injective. Hence,
Let > 0 and A /2 be a regular partition of X with meshA /2 < /2. By the proof of Lemma 2.4, we see that there is an (n, /2)-spanning set F for f with respect to
Hence, we see that if E is any (n, )-separating set for f with respect to
, f i (T (x))) < 1 2 for x ∈ E and each i = 0, 1, . . . , n − 1. Then T : E → F is one-to-one and, hence,
By using this fact, we see that h(σ 1 , π
Since f is a piecewise embedding map with respect to A and B is a finite set, we see that
By [10, Theorem 1.9(a), p. 340], we know that
Consequently, we conclude that
This completes the proof. 
Example 1.
(1) The assertions of Theorems 2.2 and 2.7 are not true for piecewise embedding maps on Peano curves. Let X = µ 1 be the Menger universal curve. We can choose a homeomorphism f : X → X such that h(f ) = 0 (see [5, Examples (2)]). Then f is also a piecewise embedding map with respect to A = {X} and
(2) There is a piecewise embedding map f : X → X of a regular curve X with respect to a regular partition A of X such that
In the plane R 2 , let p = (0, 0) ∈ R 2 . Take two sequences {a n } ∞ n=1 and {b n } ∞ n=1 of points of R 2 such that lim n→∞ a n = p = lim n→∞ b n , where p, a n and b n (n = 1, 2, . . . ) are distinct points of R 2 . Let p q be the segment from p to a point q in R 2 . We assume that the sets p a n and p b n (n = 1, 2, . . . ) have the only one common point p ∈ R 2 . Put
where y ∈ {a n , b n | n = 1, 2, . . . }. Note that I (f, n; A) = 2 n and ∞ n=0 f n (X) = {p}. Then f is a piecewise embedding map with respect to the regular partition A such that h(f ) = 0 < log 2 = lim n→∞ (1/n) log I (f, n; A).
H. Kato
Note that A is not a strongly regular partition of X. Hence, the assertion of Theorem 2.2 is not true for piecewise embedding maps with respect to regular partitions of regular curves.
(3) Moreover, there is a homeomorphism f : X → X of a dendrite X such that
for some regular partition A of X. Let p, a n , b n (n = 1, 2, . . . ), X and A be the same as in (2) . Put
Topological entropy and piecewise monotone maps on dendrites
In this section, we generalize the theorem of Misiurewicz-Szlenk and Young to the case of piecewise monotone maps with respect to strongly regular partitions of dendrites. Let f : X → X be a map and x ∈ X. Then x is non-wandering if for each neighborhood U of x in X, there exists n ≥ 1 such that f n (U ) ∩ U = φ.
(f ) is the set of all points which are non-wandering. It is well known that (f ) is a closed subset of X, Theorem 1.4, p. 336] ). Recall the following notation. For a map f : X → X of a regular curve X and a regular partition
. Then we have the following theorem. h(σ (f,A) ).
We need the following simple lemma. For completeness, we give the proof.
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LEMMA 3.2. Let X, Y and Z be dendrites and let
is also a monotone map and
Proof. Note that if C and C are subcontinua of the dendrite X and C ∩ C = φ, then C ∩ C is also a continuum. Hence, we see that f |C : C → f (C) and g|f (C) : f (C) → g·f (C) are onto monotone maps. Then we see that the composition g·f |C : C → g·f (C) is also a monotone map.
Suppose, on the contrary, that ls
Proof of Theorem 3.1. The notations are the same as in the proof of Theorem 2.2.
We see that Y is a closed subset of X and f (Y ) ⊂ Y . In fact, let {y j } ∞ j =1 be a sequence of points of Y such that lim j →∞ y j = y ∈ X. We can choose ( (A x i ) ) .
Then we have the following commutative diagram:
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By Lemma 3.2 and a similar argument to the proof of Theorem 2.2, we see that if y ∈ Y , then |π
Since B is a finite set and x is not contained in Y , we see that there is a neighborhood U of x in X such that for some m ≥ 1, f m (U ) is a point of B. If x ∈ (f ) − Y , then x is a periodic point of f and x is an isolated point of (f ). 
Then we have the following corollary. 
If X is a regular curve with ls(X) < ∞, then each regular partition is a strongly regular partition. Hence, we have the following. Now, we have a slight generalization of the theorem of Misiurewicz-Szlenk [8] and Young [13] . Example 2. Since the composition of onto monotone maps is also monotone, we see that for an onto monotone map f : X → X of a continuum X, f n : X → X is also monotone for each n ≥ 1. However, it is easy to see that there is a map f : X → X such that X is a regular curve, f is not onto, f : X → f (X) is monotone and f 2 : X → f 2 (X) is not monotone. In fact, let A = [0, 4] be the closed interval of the real line R and let P i (i = 1, 2, 3) be arcs such that P 1 ∩ A = ∂P 1 = {0, 1} and P i ∩A = ∂P i = P 2 ∩P 3 = {2, 3} (i = 2, 3). Also, let S j (j = 1, 2) be simple closed curves such that S 1 ∩ S 2 = {4}. We assume that P 1 ∩ P j +1 = φ = S j ∩ (P 1 ∪ P 2 ∪ P 3 ) (j = 1, 2). Put X = A ∪ 
